Three-dimensional conjugate heat transfer under laminar flow conditions within a microchannel is analysed numerically to explore the impact of a new design of vortex generator positioned at intervals along the base of the channel. The vortex generators are cylindrical with quarter-circle and half-circle cross sections, with variants spanning the whole width of the channel or parts of the channel. Micro-channels with Reynolds number ranging from 100 to 2300 are subjected to a uniform heat flux relevant to microelectronics cooling. To ensure the accuracy of the results, validations against previous microchannel studies were conducted and found to be in good agreement, before the new vortex generators with radii up to 400 µm were analysed. Using a thermal-hydraulic performance parameter expressed in a new way, the VGs described here are shown to offer significant potential in combatting the challenges of heat transfer in the technological drive toward lower weight/smaller volume electrical and electronic devices.
Introduction
Recently, developments in electronic and electrical devices have led to the reduction in their volumes and weights, and managing the heat generated is becoming a real challenge to thermal system researchers [1] . Therefore there is a need to improve cooling systems by decreasing their size and weight to micro-and mini-scale systems, such as micro-channel heat exchangers and heat sinks [2] , while simultaneously increasing the efficiency to meet this development [3] . Mini-and micro-channels are different from traditional channels, and can be classified according to their associated hydraulic diameters, Dh, [4] [5] [6] as presented in table 1.
The term 'micro-channel' first appeared in 1981 [7] . The concept had a great influence in thermal science as it decreased the hydraulic diameter and enhanced the heat transfer. In the revolution of advanced manufacturing processes, many experimental and numerical studies investigated the heat transfer and fluid flow performance of various modified geometries such as micro-channels with grooves and ribs [8] [9] [10] [11] . The effect of vortex generators (VGs) on heat transfer and fluid flow characteristics were investigated experimentally in 1969 [12] . They can take various forms such as protrusions, wings, inclined blocks, winglets, fins, and ribs [13, 14] , and have been used to enhance heat transfer in different geometries such as circular and noncircular ducts under turbulent flow [15] [16] [17] . They have also been used in laminar flow [18] , with flat plate-fins in rectangular channels [19] [20] [21] , tube heat exchangers [22] , heat sinks [18, 23] and rectangular narrow channels [24, 25] .
The rectangular micro-channel was the best geometry based on the numerical investigation of Xia et al. [26] , who considered various microchannel shapes. They also investigated the distribution of flow through a collection of 30 microchannels forming a heat sink, considering different header chamber shapes and inlet/outlet positions.
Ebrahimi et al. [13] used finite volume based numerical analysis to study the impact of using vortex generators (VGs) with various orientations on laminar fluid flow and heat transfer regimes in a micro-channel. The results showed that the Nusselt number rose from 2-25% when the Reynolds number ranged from 100 to 1100, whilst the maximum increase of friction factor was 30% when using the VGs. Various other recent investigations have also indicated potential benefits of using VGs with laminar flow at different Reynolds number [24, 27, 28] .
However, there remains a need for deeper understanding of VG performance over a wider range of laminar flow, for example to minimize the pressure drop penalty resulting from the introduction of VGs.
A 2D numerical study utilized smooth channel with fixed heat flux applied to the wall sides having an adiabatic cylinder inside which was perpendicular to the laminar flow direction with Reynolds number of 100and Prandtl number ranging from 0.1 to 1 [3] . The authors have investigated the influence of the distance between the base and the top of the channel as they This is the accepted manuscript of an article published in International Communications in Heat and Mass Transfer. The final publication is available at: http://dx.doi.org/10.1016/j.icheatmasstransfer.2016. 03.002 found that the maximum enhancement when the cylinder was fixed in the half way from the base. Also the results showed that the low Prandtl number affective positively on heat transfer enhancement.
Furthermore, a modified channel having cylindrical vortex generators inside a uniform channel using turbulent flow with Reynolds number of 3745 has been investigated numerically [29] . It was found that utilizing a cylindrical vortex generator enhanced the heat transfer by 1.18 times compared to the uniform channel.
Based on the published literature and the Author's knowledge there is no study done to investigate the influence of the diameter of half cylindrical vortex generators placed along the base of the channel' at the end of the final sentence.
This study therefore proposes and explores new geometry designs not previously considered:
specifically VGs based on cylinders with half-circular and quarter-circular cross-sections are introduced into rectangular micro-channel heat sinks. Several lateral variations of these VGs are also considered, namely full-span cylinders, shorter centred cylinders, and split/separated cylinders. The optimal radii of the VGs are also established. Section 2 describes the geometry in more detail, after which Section 3 discusses the mathematical model and Section 4 the numerical approach and validation process. The main results are discussed in Section 5, and conclusions are drawn in Section 6.
Geometry description
The base geometry considered is a single micro-channel with rectangular cross-section, as shown in Fig. 1(a) . Such channels are common in the heat sinks designed for CPUs (Fig. 1b) , where they form the gaps between the parallel fins of the heat sink, and that is the application considered here, with the base area of the heat sink taken as As = 6.2710 8 µm
2
. Within the channel, a number of cylindrical vortex generators are equally distributed along the base.
These have cross-sections that are either a quarter-circle or half-circle, as shown in Fig. 1(c) and (d) respectively, and a variable radius, r, ranging up to 400 m. The micro-channel dimensions are given in Table 2 . The table also shows the three different spanwise configurations considered, namely: 'full-span', where the VG occupies the full width of the micro-channel; 'centred', where the VG is shorter than the channel width and is centred; and 'split', which is the same as the centred configuration except that the VG is split into two equal parts, with a gap of 50-100 µm between them. Table 2 includes a view of the VGs looking along the channel from the inlet.
Mathematical modelling

Governing equations and key parameters
The water flow in the micro-channel is considered to be laminar, steady, incompressible and Newtonian, with gravitational and viscous dissipation effects neglected. With = ( , , )
representing the liquid velocity in ( , , ) Cartesian coordinates, and , and denoting the liquid pressure, density and viscosity respectively, the (dimensional) governing equations for the flow are the usual continuity and Navier-Stokes equations:
The energy equation for the liquid phase in the micro-channel is
where , , and are respectively the specific heat, temperature, and thermal conductivity of the liquid. Conduction in the solid is captured by
where and are respectively the temperature and thermal conductivity of the solid.
The Reynolds number is here defined in terms of the inlet velocity, , and hydraulic diameter as = .
The heat transfer performance is quantified by the thermal resistance, defined as ,
where is the average temperature of the base, is the inlet temperature, and is the heat flux through the base of the heat sink. To give a balanced assessment of the effective heat transfer enhancement provided by VGs, taking into account the penalty paid in terms of the pressure drop, a thermal-hydraulic performance evaluation criteria (PEC) index [8, 9] is used, which in this study is defined as:
where and are the pressure drop and thermal resistance in a microchannel containing VGs and and are the same quantities in the corresponding smooth (i.e. uniform) micro-channel.
Boundary conditions
As indicated in Fig. 1(f) , symmetry conditions were applied at the left-and right-hand outer boundaries of the domain, while a uniform heat flux was applied at the bottom boundary. The top boundary was considered as adiabatic. At the inlet, the velocity of the flow was set in terms of the specified Reynolds number using (5) , and the inlet temperature was fixed at 293.15 K.
At the outlet, the pressure was set to zero, and on the micro-channel walls the no slip condition was applied.
Numerical method, mesh, and code validation
Equations (1)- (4) , and values for Reynolds number of 233 and 350 as shown in Table 3 .
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Results and discussions
Some 500 three-dimensional laminar flow simulations were conducted with Reynolds number in the range 100-2300 and heat flux ranging from 100 to 300 W/cm 2 to assess the impact of the vortex generators described in Section 2 on the conjugate heat transfer, with water as the working fluid. As to be expected, it was found that the thermal resistance was decreased as the Reynolds number increased due to the increase of the velocity which leads to an enhanced heat transfer rate, however the price paid is an in increase in pressure drop to drive the faster flow.
The results presented below focus on the particular value of 100 W/cm 2 for the heat flux, because this corresponds to the upper temperature limit for operation of electronic devices 
Quarter-circle VG models
Vortex generators with cross section shown in Fig. 1 (c) and spanwise configuration shown in Table 2 were inserted into the microchannel and the performance was analysed over a range of radii and Reynolds numbers. The same trends were observed for the 'full-span', 'centred'
and 'split' VGs (see Table 2 for definitions), so two models are considered here to present the effect of the VG radius on the conjugate heat transfer for various values of Reynolds number. Fig. 7 shows the influence of radius ranging from 0 to 400 m on the thermal resistance and pressure drop using full-span VGs at three relatively low Reynolds numbers. Introducing the VGs with radii r = 100 m and 200 m raises the thermal resistance slightly, hence degrading performance, at all three values of Re. Increasing the radius to 300 m then reduces the thermal resistance slightly, but it is only at Re = 500 that is reduced below its value for the uniform channel with no VGs. Interestingly, a further increase of radius to 400 m produces another slight increase in at Re = 700 and 900 and the same performance at Re = 500, suggesting that there is a local minimum in at around r = 300 mIn all cases, the pressure drop increases with VG radius, consistent with the increasing constriction of the flow. Fig. 8(a) shows the impact of radius on the thermal resistance and the pressure drop at high
Reynolds number ranging from 1100 to 2300 using 'split' VGs (see Table 2 ). Both the pressure drop and the thermal resistance increase as the radius increases. This can be attributed to hot spots which are behind each VG because of low velocity at these areas, see example contour plots in Fig. 8(b) . Hence it can be concluded that VGs with a quarter-circle crosssection are not beneficial.
Half-circle VGs
The other VG geometry considered in this work is that of cylinders with a half-circle crosssection as shown in Fig. 1(d) . Again the three different spanwise configurations shown in Table   2 were considered. Fig. 9 presents the impact of the radius of full-span VGs on the thermal resistance and pressure drop for a range of Reynolds numbers, which is split into two plots for the sake of clarity. Unlike the quarter-circle VGs, for the half-circle case, the thermal resistance decreases monotonically with radius for all Reynolds numbers above 100. The thermal resistance also decreases as Re increases, but of course the pressure drop increases.
Having seen that the full-span half-circle VGs appear to offer benefits, modifications to the VGs are now considered. First, the span of the VG is reduced to 300 m and it is positioned centrally across the gap, creating the 'centred' VG shown in Table 2 , which has a gap between the VG and the side walls of the micro-channel. Fig. 10 shows and P as a function of the VG radius for the centred VG, with the range of Reynolds number again split for clarity.
Interestingly, there is a change in behaviour as the VG radius is increased above 200 m. For the lower Re range, the rate of decrease of  with r slows before increasing again, producing something of a 'kink' in the plot at 200 m. For the higher Re range, there is also a noticeable change in the rate at which  changes with r, but in contrast this involves a more significant reduction in the thermal resistance above r = 200 m. Comparing Fig. 10 with Fig. 9 , it is clear that the thermal resistance is lower for the centred VG at high Re and larger radius. This is probably because the gap between the end of the VG and side wall of the channel allows heat transfer to continue along the whole length of the side wall.
A second modification of the VG is to split the 'centred' VG in the middle, thus introducing an additional central gap as shown in the 'split' geometry row of Table 2 . Fig. 11 shows the corresponding plots of thermal resistance and pressure drop against radius. In terms of thermal resistance, the introduction of the central gap negates the benefits seen with the centred VG, and the behaviour is similar to that of the full-span VG. However, the central gap does produce a reduction in the pressure drop compared to the full-span VGs under equivalent conditions. 002 achieved with the centred VG, then the split, then the full-span VGs, and all the VGs produce a lower thermal resistance than the uniform channel with no VGs present. On the other hand, all VGs resulted in higher pressure drops than the uniform channel, as is to be expected. The lowest pressure drop with VGs present is seen with the centred, then split, then full-span VGs -i.e. the same ranking as for the thermal resistance.
Thermal-hydraulic performance
To assess the real practical potential for improving the efficiency of micro-channel heat exchangers using VGs, it is important to combine the heat transfer performance with an appreciation of the fluid flow penalty resulting from the constriction of the channel. Clearly there is a huge design space available for the optimization of cylindrical VGs, however a full optimization study is beyond the scope of this paper. Instead, to illustrate the potential of such VGs, calculation of the performance evaluation criteria (PEC) index, equation (7), is made just for the VG type considered here that showed the lowest thermal resistance, i.e. the centred half-circle VG.  Based on the PEC index, which offsets the improvement in thermal resistance against the pressure penalty, small-radius centred VGs offer good potential for improving the efficiency of micro-channels, particularly those operating at lower Reynolds number, e.g. Re < 600. The maximum PEC was found for a radius of 30 µm, which may prove challenging for manufacture, but good potential is also seen for radii up to 150 µm in the cases considered here.
A full, formal optimization study has not been conducted here, but the base-mounted cylindrical vortex generators offer a wide design space for further exploration and optimization. Mehendale et al. [5] . Kandlikar and Grande [6] .
Conventional channels
Dh > 6 mm Conventional channels Dh > 3 mm Compact Passages 1 mm< Dh ≤ 6 mm Minichannels 1 m < Dh ≤ 3 mm Meso-channels 100 mm< Dh ≤ 1mm Microchannels 10 m < Dh ≤ 200 m Micro-channels 1 m < Dh ≤ 100 m Transitional channels 0.1 m < Dh ≤ 10 m
Molecular nanochannels
Dh ≤ 0.1 m Table 5 : Dimensions of the micro-channel and VGs models.
Micro-channel dimensions,
L 25000
Ht 900 Hc 700
Ww 300 Wc 500 xin 4000
VGs dimensions
Models Dimensions Front view of the geometry full-span 500 centred 300 split 300 overall, gap 50-100 
